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ABSTRACT
In this work, we show that duality symmetry can be implemented for massive theories at the level of the action,
whenever we can formulate appropriates gauge invariant actions. For a massive vectorial field, we use a known gauge
invariant description, while for a massive graviton, we introduce a novel gauge invariant action in order to show
duality invariance.
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I. INTRODUCTION
The duality symmetry is one of the concepts most relevant in high energy physic in these last times. In particular,
the electromagnetic duality has played an important role from forty years ago, since the advent of supergravity
until the recent results in superstring and M theory. The aspects of linear duality symmetries are well known, but
the inclusion of sources and non linear generalizations (some few cases of interacting theories are known) open new
challenges. Duality symmetry was initially understood at the level of the equations of motion [1]. The first successful
attempt to establish electromagnetic duality symmetry at the level of the action was achieved in [2] after solving the
Gauss constraint. The cost was the lost of explicitly Lorentz invariance of the Maxwell action, when it is expressed
in terms of transverse physical variables (∂iπ
T
i = 0 = ∂iA
T
i ). The Hamiltonian first order action:
I =
∫
d4x[πTi A
T
i −
1
2
(~πT .~πT + (∇× ~AT )2)], (1)
is invariant under the following (spatial non-local) duality transformations
δ~πT = ∇× ~AT , δ ~AT =
1
∇2
∇× ~ET . (2)
Since πTi satisfies the Gauss constraint: ∂iπ
T
i = 0, it is possible to introduce a second potential : π
T
i = ǫijk∂jA˜
T
i to
achieve the two potentials formulation of electromagnetism [3]:
I =
∫
d4x[
1
4
ǫijkFαjkL
αβA˙
β
i −
1
2
FαijF
α
ij ], (3)
where Aαi ≡ (Ai, A˜i), F
α
ij ≡ ∂iA
α
j − ∂jA
α
i (it is understood the transverse character of the potentials) and
L =
(
0 1
−1 0
)
. (4)
2An early approach with two potentials was proposed in [4] where electric and magnetic sources are considered. Now,
the action (3) is invariant under local duality transformations
Aαi → L
αβA
β
i . (5)
These duality transformations and the action (3), boil down to (2) and the Maxwell action (in the gauge Ao = 0)
after eliminating one of the potentials using the equations of motion corresponding to the action (3). Although the
Lorentz invariance is not explicitly manifest, the action (3) has invariance under some transformations which are
equivalent to the usual Lorentz transformations on shell [3]. This procedure was extended to the (non-linear) Born-
Infeld electrodynamics [5] and for antisymmetric fields in any dimensions [6]. Despite the difficulties to implement
duality invariance in Lorentz invariant action, there are two ways to circumvent this difficult, namely, the introduction
of infinite fields [7] and introducing a new gauge field, called the PST field [8], which interact with the electromagnetic
potentials in a non polynomial way, and it is equivalent to (3) after gauge fixing the PST field.
Remarkably enough is the achievement of duality symmetry for gravity [9] after solving the hamiltonian and
momentum constraints, which characterize the canonical formulation of the linearized gravity, by introducing two
(pre)potentials. The action has the following form
I =
∫
dtd3x[ǫijkǫαβ(∂abjZ
α
ak −∇
2∂jZ
α
bj)Z˙
β
bi]−
∫
dtH, (6)
where Zαij ≡ (Φij , Pij) are the prepotentials, which are related to the spatial components of the metric (hij) and the
canonical momentum (πij) in a non-local way [9], and
H =
∫
d3x[∇2Zαij∇
2Zαij +
1
2
∂ijZ
α
ij∂klZ
α
kl + ∂ijZ
α
ij∇
2Zα − 2∂ikZ
α
jk∇
2Zαij −
1
2
∇
2Zα∇2Zα]. (7)
is the Hamiltonian and Zα = δijZαij are the traces of the prepotentials . This action is clearly invariant under duality
transformations
Zαij → L
αβZ
β
ij . (8)
The generalization to arbitrary dimensions was achieved in [10], based on the duality relationship between the graviton
field hmn and the generalized Curtright field Tm1...mD−3,n [11], [12]. Afterward, the duality symmetric action for higher
spin was completed in ref. [13]. The essential point of this achievement is clearly expressed in this work: ”The key to
our derivation is the remark that since free gauge field actions are (abelian) gauge invariant, they can be uniformly
expressed -after elimination of constraints- in terms of the fundamental spatial gauge-invariant symmetric transverse-
traceless (TT) conjugate variables”. The actions which are invariant under duality transformations for higher spin
has the same structure as the electromagnetic duality invariant action (3). We will adopt this point of view when
we deal with gauge invariant models for massive theories. For instance, if in the action (6), we consider the usual
transverse-longitudinal decomposition for the (pre)potentials Zαij(= Z
αTT
ij + ∂iZ
αT
j + ∂jZ
αT
i + ∂ijα + δijβ), it takes
the form
I =
∫
d4x[
1
2
ǫijk∂j∇
2ZTTαil L
αβZ˙
TTβ
kl −
1
2
∇
2ZTTαij ∇
2ZTTαij ]. (9)
Moreover, the partially massless phenomenon for massive gravitons in (A)dS [14], where the mass of the graviton is
fine tuned to a value related to the cosmological constant, exhibits an electromagnetic duality invariance [15], where
a massive graviton acquires an additional gauge invariance due to the partially massless effect. Recently, duality
properties of the Horava gravity [16], which has in common with (6) a higher order spatial derivative hamiltonian,
was studied and discussed [17] in the framework of ref. [12].
Another example of a duality invariant action (which will be used in this paper), is the case of an antisymmetric
field (Bmn) whose its field strength is Hmnp ≡ ∂mBnp + ∂nBpm + ∂pBmn. This is a particular case discussed in ref.
[6], where the electromagnetic duality was considered for p forms in D dimensions. For an antisymmetric field, the
canonical action is
I =
∫
d4x[πijB˙ij − πijπij −
1
12
HijkHijk + 2BoiFi], (10)
where, πij is the canonical momentum associated to Bij and Fi ≡ ∂jπij ≃ 0 is the corresponding Gauss constraint
whose solution is πij = −
1
2ǫijk∂kφ. After decomposing the spatial antisymmetric field as Bij = ǫijk
∂k√
−∇2ψ + ∂ib
T
j −
∂jb
T
i , the action will depend only of the dual variables (φ,ψ):
I =
∫
d4x[(
√
−∇2ψφ˙−
1
2
∂iφ∂iφ−
1
2
∂iψ∂iψ], (11)
3which is invariant under: φ→ ψ and ψ → −φ.
In summary, the method for obtaining duality invariant action relies on the fact of renouncing spacetime covariance
in an explicit way. This not mean breaking of Lorentz invariance. The Lorentz and duality symmetries have a
closer connection [18] which was anticipated in [3] and [19]. Starting up with a Lorentz and gauge invariant action,
the hamiltonian formulation (described by a first order action) is constructed and the Gauss constraints are solved
introducing new potentials. These new set of potentials (named electric and magnetic potentials) are the essential
objects from which the new duality invariant action is constructed. In this paper, we generalize the duality invariant
actions for massive vectorial (spin 1) and tensorial (spin 2) fields, which are described by gauge invariant actions which
are obtained by dualization of the usual Stueckelberg formulations of these fields. The next section, the massive gauge
invariant vectorial model is considered and we look for the duality properties in terms of the transverse and longitudinal
degrees of freedom. Next, we construct a new gauge invariant action for the massive graviton from which, in the last
section, we will establish the duality invariance at the level of the action. It is worth recalling that for massive theories
there is no covariant duality relationship between field strengths and its dual, which interchanges field equations and
Bianchi identities. Throughout this work we use ηmn mostly positive and the convention of ǫ
oijk ≡ ǫijk. We restrict
our results to four dimensions.
II. DUALITY FOR MASSIVE SPIN-1
It is well known that the massive vectorial field can be described by a gauge invariant formulation which involved
the coupling of the vectorial field Am with an antisymmetric field Bmn through a BF topological term [20]. The
action is
I =
∫
d4x[−
1
4
FmnF
mn
−
1
12
HmnpHmnp −
µ
4
ǫmnpqBmnFpq ], (12)
where Fmn = ∂mAn − ∂nAm and Hmnp = ∂mBnp + ∂nBpm + ∂pBmn. This action is invariant under gauge transfor-
mations : δAm = ∂mλ and δBmn = ∂mλn − ∂nλm and it is dual equivalent to the usual Stueckelberg formulation for
massive spin 1 [21]. The field equations associated with (12) are
∂n(F
nm
−
µ
2
ǫmnpqBpq) = 0 and ∂p(H
pmn
− µǫmnpqAq) = 0 (13)
and the Bianchi identities are
ǫmnpq∂nFpq = 0 and ǫ
mnpq∂qHmnp = 0. (14)
There is no local neither non-local duality transformations that exchange these covariant field equations with the
Bianchi identities and viceversa. The goal will be to find an action in terms of pre potentials with invariance under
local duality transformations. In order to reach a non Lorentz invariant duality action, we must start with the
Hamiltonian approach. The canonical momenta are
πi =
δL
δ∂oAi
= Foi −
1
2
µǫijkBjk
πij =
δL
δ∂oBij
=
1
2
Hoij . (15)
As usual, Ao and Boi are multipliers. The action has the following canonical form
I =
∫
d4x[πiA˙i + π
ijB˙ij −H+AoG+BoiG
i], (16)
where the Hamiltonian density is
H =
1
2
(πi +
1
2
µǫijkB
jk)(πi +
1
2
µǫiabBab) +
1
4
FijF
ij + πijπ
ij +
1
12
HijkH
ijk (17)
and the Gauss constraints are
G = ∂iπ
i = 0 (18)
4and
G
i = ∂j(π
ij +
1
2
µǫijkAk) = 0. (19)
These constraints are easily solved (locally) for the momenta and lead to the ”magnetic” potentials A˜i and φ:
πi = ǫijk∂jA˜k (20)
and
πij +
1
2
µǫijkAk =
1
2
ǫijk∂kφ. (21)
When these solutions are considered, the action is written as
I =
∫
d4x [
1
2
ǫijkµ(Bjk +
1
µ
F˜jk)(A˙i −
1
µ
∂iφ˙)−
1
2
(BiB
i +H2)
−
1
2
µ2(Ai −
1
µ
∂iφ)
2
−
1
4
µ2(Bij +
1
µ
F˜ij)
2], (22)
where F˜ij = ∂iA˜j − ∂jA˜i and we have introduced the magnetic fields
Bi ≡
1
2
ǫijkFjk H ≡
1
6
ǫijkHijk. (23)
At this stage, we have invariance under the following gauge transformations
δAi = ∂iλ, δBij = ∂iλj − ∂jλi
δA˜i = ∂iλ˜− µλi, δφ = µλ, (24)
which allow us to fix the gauges φ = 0 and A˜i = 0. If we consider this possibility, it is easily recognized that
1
2µǫ
ijkBjk
as the canonical momentum associated to Ai and the hamiltonian first order action for the massive vectorial field
arises. But, we need all the potentials which have emerged in order to have duality invariance in the action. To reach
this goal we decompose the fields in its irreducible transverse and longitudinal components:
Ai = A
T
i + ∂iA
L, Bij = ǫijk∂kψ + ∂ib
T
j − ∂jb
T
i . (25)
The longitudinal component of the A˜k field is absent from the beginning (see eq. 20), while the longitudinal component
ofAi is absorbed with the scalar field φ. The first term in the decomposition for the antisymmetric field Bij is particular
for D = 4; the scalar field ψ will be the dual partner of φ. Moreover, we define aTi ≡
1
µ
ATi + bi and its field strength
fij = ∂iaj − ∂jai. Then, the action is written out as (from now on the transverse and longitudinal characters are
understood)
I =
∫
d4x[ 12 µǫ
ijkfjkA˙i −
1
2
µ2AiAi −
1
2
(FijFij + fijfij)
+ (∇2ψ)φ˙ −
1
2
µ2∂iψ∂iψ −
1
2
∂iφ∂iφ−
1
2
∇
2ψ∇2ψ]. (26)
Thus, the pairs of dual partners: (Ai, ai) and (φ, ψ) are decoupled. Finally, we make the following definitions:
ai =
1
µ
√
1−
µ2
∇2
Aˆi, φ =
√
µ2 −∇2ϕ, (27)
in order to arrive to the following form of the action
I =
∫
d4x [
1
2
√
1−
µ2
∇2
ǫijkFˆjkA˙i −
1
2
µ2AiAi −
1
2
µ2AˆiAˆi −
1
2
(FijFij + Fˆij Fˆij)
+ (∇2ψ)
√
µ2 −∇2ϕ˙−
1
2
µ2∂iψ∂iψ −
1
2
µ2∂iϕ∂iϕ−
1
2
∇
2ϕ∇2ϕ−
1
2
∇
2ψ∇2ψ], (28)
5or
I =
∫
d4x [
1
4
√
1−
µ2
∇2
ǫijkF
β
jkL
αβA˙αi −
1
2
µ2Aαi A
α
i −
1
2
FαijF
α
ij
+
1
2
(∇2Φβ)
√
µ2 −∇2LαβΦ˙α −
1
2
µ2∂iΦ
α∂iΦ
α
−
1
2
∇
2Φα∇2Φα], (29)
where we have introduced the conventional notation: Aαi = (Ai, Aˆi), Φ
α = (ϕ, ψ). The action is clearly invariant
under duality transformations
Aαi → L
αβA
β
i and Φ
α
→ L
αβΦβ , (30)
The field equations obtained from (29) are
√
1−
µ2
∇2
ǫijkLαβ∂jA˙
β
i + (µ
2
−∇
2)Aαi = 0 (31)
and
√
µ2 −∇2LαβΦ˙β − (µ2 −∇2)Φα = 0. (32)
By iteration of these first order differential equations, it is easily checked that the potentials Aαi and Φ
α satisfy the
Klein-Gordon equation:
(− µ2)Aαi = 0 and (− µ
2)Φα = 0. (33)
The canonical momenta are slightly modified by the presence of a mass term and the following second class con-
straints are derived
Υαi ≡ π
α
i −
1
4
√
1−
µ2
∇2
ǫijkF
β
jkL
αβ
≈ 0, Γα ≡ πα −
1
2
√
µ2 −∇2(∇2Φβ)Lαβ ≈ 0, (34)
from which the Poisson bracket for these second class constraints now read as
[Υαi(x),Υ
β
j(y)] =
√
1−
µ2
∇2
L
αβǫijk∂kδ(x−y), [Γ
α
(x),Γ
β
(y)] =
√
µ2 −∇2Lαβ∇2δ(x−y). (35)
These momenta must transform under duality as παi → L
αβπ
β
i and π
α → LαβΦpi in order to keep the invariance of
the Poisson bracket under duality. The action (29) is invariant under the following global transformations
δAαi = x
ovj∂jA
α
i +
√
1−
µ2
∇2
(~v.~x)ǫijkLαβ∂jA
β
k (36)
and
δΦα = xovj∂jΦ
α +
√
µ2 −∇2(~v.~x)Lαβ∇2Φβ , (37)
where ~v is an arbitrary constant three dimensional vector. If we use the solutions of the constraints (34), these become
the usual Lorentz boosts transformations
δX = xovj∂jX+ (~v.~x)∂oX, (38)
where X = (A1i , φ) and we have considered that 2π
1
i = ∂oA
1
i and 2π
1 = ∂oφ. Moreover the action (29) is manifestly
invariant under rotations.
In the limit µ→ 0, the action (29) is the sum of the actions (3) and (11) which indicate that there is no discontinuity
of the number of degrees of freedom as can be seen from the covariant Lorentz action (12), where the scalar field,
which provides mass to the vectorial field and represented by the antisymmetric field Bmn is cleanly decoupled from
the vectorial action in this limit.
6III. GAUGE INVARIANT FORMULATION FOR THE MASSIVE GRAVITY
For massive gravity, we need a new gauge invariant formulation for the symmetric field (hmn), which generalizes
the action (12) for massive spin 2. To construct this action, we start with the usual Stueckelberg formulation for the
Fierz-Pauli action :
I = Ilin +
∫
d4x[−
1
4
µ2(hmn + ∂man + ∂nam)
2 +
1
4
µ2(h+ 2∂mam)
2], (39)
where
Ilin =
∫
d4x[−
1
4
∂phmn∂ph
mn +
1
4
∂ph∂ph+
1
2
∂nhmn∂ph
mp
−
1
2
∂mh∂nh
mn], (40)
is the linearized Einstein action and am is the vectorial Stuckelberg field which guarantee gauge invariance under the
following transformations:
δhmn = ∂mξn + ∂nξm, δam = −ξm. (41)
We can dualize this action. For this process, we substitute ∂man + ∂nam by a symmetric tensor gmn and introducing
a new term into the action which enforces that linearized curvature tensor Rmnpq(g)(≡ ∂npgmq + ∂mqgnp − ∂nqgmp −
∂mpgnq) vanishes through a Lagrange multiplier Bmnpq and which has the same symmetries as the linearized curvature
tensor Rmnpq. Then, we have the following action
I = Ilin +
∫
d4x[−
1
4
µ2(hmn + gmn)(h
mn + gmn) +
1
4
µ2(h+ g)2 +
1
8
BmnpqRmnpq(g)]. (42)
After considering the constraint imposed by the multiplier Bmnpq, which tell us that gmn = ∂man + ∂nam, we obtain
(39). On the other hand, we can determine gmn by using its field equation
gmn = −hmn −
1
µ2
(∂p∂qBmpnq −
1
3
ηmn∂p∂qBrprq) ≡ −hmn + fmn, (43)
where we have defined fmn = −
1
µ2
(∂p∂qBmpnq −
1
3ηmn∂p∂qBrprq). After introducing (43) into the action (42), we
reach (and redefining Bmnpq → µBmnpq) the following result
I =
∫
d4x[ −
1
4
∂phmn∂ph
mn +
1
4
∂ph∂ph+
1
2
∂nhmn∂ph
mp
−
1
2
h∂m∂nh
mn]−
1
8
µ
∫
d4xBmnpqRmnpq(h)
−
1
8
µ
∫
d4xBmnpqRmnpq(f) −
1
4
µ2
∫
d4x(fmnf
mn
− f2) (44)
and this action expressed only en terms of the fields hmn and Bmnpq is written as
I = Ilin + IDST −
µ
8
∫
d4xBmnpqRmnpq(h), (45)
where
IDST =
1
4
∫
d4x[∂p∂qBmpnq∂r∂sBmrns −
1
3
(∂p∂qBnpnq)
2], (46)
is the free ghost higher derivative action found by Deser, Siegel and Townsend [22] and which is an alternative
description of the Maxwell action. In the appendix, some aspects of this action are reviewed. The action (45) is
invariant under the following gauge transformations:
δhmn = ∂mξn + ∂nξm, δB
mnpq = ǫmnrs∂rλ
pq ,s+(mn)↔ (pq), (47)
where the gauge parameters are antisymmetric in the pair (pq) i.e. λpq ,s= −λ
qp,s without any additional properties
in its indices. The action (46) has a conformal invariance which here is lost by the coupling term ∼ BmnpqRmnpq(h).
The action (44) is our gauge invariant formulation for massive spin 2 where we consider hmn, Bmnpq and fmn
as independent fields. The field fmn is an auxiliary field that when its equation of motion is used, the action (46)
is obtained. This way of describing the field Bmnpq with the use of an auxiliary field fmn was introduced in [22].
7The coefficients in this action are the same for any dimensions, while the coefficient 13 in the second term of (46)
must be replaced by 1
D−1 . In particular, in three dimensions the action (44) becomes the action for the new massive
gravity [23]. In fact, in three dimensions, we have the following identity: Rmnpq = ǫmnrǫpqsG
rs which tell us that the
curvature is completely determined by the Einstein tensor Gmn since the conformal tensor vanishes identically. Then,
we rewrite the term − 18B
mnpqRmnpq(h+f) as −
1
2B
mnGmn(h+f) where we have defined B
mn ≡ ǫmpqǫnrsRpqrs and the
action can be rewritten as
I3D =
∫
d3x[
1
4
hmnGmn −
1
2
BmnGmn(h+f) −
1
2
µ2(fmnfmn − f
2)], (48)
which becomes the action for the new massive gravity after eliminating the hmn field through its field equation.
For sake of completeness, let us sketch the dynamical content of the action(44) to confirm that our model propagates
the five degrees of freedom of the massive spin 2 in four dimensions. The temporal and spatial components are denoted
by hmn : (hoo ≡ ψ, hoi, hij), fmn : (foo ≡ θ, foi, fij) and (Sij ≡ Biooj = Sji,Wij ≡ ∂k(Boikj + Bojki) = Wji, Vij ≡
∂klBiklj = Vji). When the action is written out in terms of these components, the Bijkl variable appears as a Lagrange
multiplier associated with the constraint Rijkl(h+f) = 0, which can be solved (locally) as fij = hij + ∂iκj + ∂jκi.
We can use the gauge invariance (47) in order to fix the gauge κi = 0. Now, we consider the usual transverse and
longitudinal decompositions:
hij = χij + ∂ihj + ∂jhi + ∂ijσ + δijτ, hoj = ui + ∂iv, (49)
fij = τij + ∂ifj + ∂jfi + ∂ijλ+ δijα, foj = ri + ∂it, (50)
and
Sij = sij + ∂isj + ∂jsi + ∂ijs+ δijβ, Wij = wij + ∂iwj + ∂jwi + ∂ijw + δijγ (51)
where χij , τij , sij and wij are transverse and traceless tensor, hj , ui, fi, ri, si and wi are transverse vectors, while
σ, τ, v, λ, α, t, s, β, w and γ are scalars. The solution of the constraint imposed by the Bijkl tell us
τij = −χij , fi = −hi, α = −τ, λ = −σ. (52)
It is easily checked that sij and wij do not enter into the action, then the transverse and traceless sector of the action
is, as it must be:
1
4
χijχij −
1
4
µ2χijχij , (53)
which represent the propagation of the two degrees of freedom of the tensorial sector The vectorial sector of the action
is
− ui∇
2ui + 2ui∇
2h˙i − h˙i∇
2h˙i + 2µui∇
2s˙i + 2µui∇
2wi + 2µri∇
2s˙i + 2µri∇
2wi + µ
2riri + µ
2hi∇
2hi (54)
and it is clear that ui and ri are auxiliary fields that are determined using its field equations. Its values are
ui = h˙i + µs˙i + µwi, ri = −
∇2
µ
s˙i −
∇2
µ
wi (55)
and after substituting (55) into the vectorial sector of the action, w arises as un auxiliary field and can be determined
through its field equation
wi = −µs˙i −
µ
µ2 −∇2
h˙i. (56)
We can see that after taking into account (56), the vectorial sector of the action depends on hi only and redefining
hi =
1
µ
√
1− µ
2
∇2 h¯i we end with the propagation of the two degrees of freedom of the vectorial sector
∼ h¯ih¯i − µ
2h¯ih¯i. (57)
8In the scalar sector, we found that θ, γ, t and w are not dynamical variables (these are multipliers or are solved) and
this sector reduces to the scalar sector of the Fierz-Pauli action:
2ψ∇2τ + 4v∇2τ˙ + 4σ∇2τ¨ + 3τ τ¨ − τ∇2τ + 2µ2σ∇2τ + 3µ2τ∇2τ − µ2v∇2v − µ2ψ∇2σ − 3µ2ψτ. (58)
Clearly, ψ is a multiplier and its corresponding constraint is 2∇2τ − µ2∇2σ − 3µ2τ = 0 which is solved for σ
(= 2
µ2
τ − 3∇2 τ), and after introducing this value into the scalar sector, the v variable appears quadratically without
temporal derivatives and its field equation determines it : v = 2
µ2
τ˙ . With this result at hand, we reach the final
unconstrained form of the propagation of one scalar degree of freedom :
∼ τ( − µ2)τ. (59)
Thus, we have seen that our action for describing in a gauge invariant way the massive graviton, propagates the usual
five free ghost degrees of freedom.
IV. DUALITY FOR MASSIVE GRAVITY
In this section we show that the unconstrained hamiltonian form of the gauge invariant action (44) admits the
introduction of new potentials in order to reach a duality invariance for the massive spin 2. To begin with, we need
a first order canonical action of (44). The canonical momenta are
πij =
δI
δh˙ij
=
1
2
h˙ij −
1
2
δij h˙−
1
2
(∂ihoj + ∂jhoi) + δij∂khok +
1
2
µbij , (60)
where h is tha spatial trace of hij and we have defined bij = S˙ij +Wij ,
πi =
δI
δh˙oi
= 0, σij =
δI
δf˙ij
=
1
2
µbij , σi =
δI
δf˙oi
= 0. (61)
The first order canonical action is
I
∫
d4x[πij h˙ij +
1
2
µbij f˙ij −H− niHi − nH], (62)
where ni and n are the shift and lapse functions associated with the momentum (Hi ≈ 0) and Hamiltonian (Hi ≈ 0)
constraints, respectively.
Hi ≡ ∂jπij ≈ 0, H ≡ ∇
2h− ∂ijhij − µ∂ijSij ≈ 0. (63)
The Hamiltonian constraint is modified by the presence of the mass term in the action, while the momentum constraint
remains intact.
The Hamiltonian density is
H = [πij −
1
2
µbij ][π
ij
−
1
2
µbij ]− [π −
1
2
µb]2 +R+
1
2
µ(hij + fij)Vij
− µ(∂jbij)foj −
1
2
µ2foifoi +
1
4
µ2fijfij −
1
4
µ2fiifjj +
1
2
foo(µSij + µ
2fii), (64)
being
R ≡
1
4
∂khij∂kh
ij
−
1
4
∂kh∂kh−
1
2
∂khki∂jh
ji +
1
2
∂ih∂jh
ji. (65)
Note that foo and Bijkl are Lagrange multipliers associated with the constraints: ∂ijSij+µfii = 0 and Rijkl(h+f) = 0.
The former allow us express the double spatial derivatives of Sij in terms of the spatial trace of fij , while the latter
tell us that: fij = −hij + ∂iaj + ∂jai and since we have gauge invariance one can set ai = 0. Also, foi is an auxiliary
field and its field equation allows determine it : foi = −
1
µ
∂jbij and considering this value, the term −
1
2∂jbij∂kbik will
emerge in the action. Now, we proceed to resolve the constraints by introducing the pre potentials [9]. The solution
for the momentum constraint (Hi ≈ 0) is the same as the massless case
πij = ǫikaǫjlb∂klP˜ab, (66)
9where P˜ij is the symmetric pre potential associated with the momentum constraint. In order to solve the Hamiltonian
constraint (H ≈ 0), we decompose the six components of the spatial metric in its traceless part hˆij , (five components)
and its trace h (one component) as
hij = hˆij +
1
3
δijh. (67)
After considering this decomposition in the hamiltonian constraint, we see that the traceless part must satisfies the
following differential equation:
∂ij hˆij −
2
3
∇
2h+ µ2h = 0. (68)
The solution is
hˆij = Jij + (
∂ij
∇2
−
1
3
δij)(1 −
3µ2
∇2
)h, (69)
where (as introduced in [9] )
Jij = ǫikl∂kΦlj + ǫjkl∂kΦli, (70)
being Φij the symmetric pre potential linked to the hamiltonian constraint. Essentially, these pre potentials will
describe the transverse and traceless spin 2 sector of our massive model like the massless case. Before considering
these pre potential into the action, we redefine P˜ij :
P˜ij = Pij −
1
2
µ
∇2
bij +
1
2
µ
∇2
δijb. (71)
With these results, the first order canonical action is written out as
I =
∫
d3x dt [(πij(P ) −
1
2
µ
∇2
(∂ikbjk + ∂jkbik) +
1
2
µ
∇2
δij∂klbkl)J˙ij(Φ) −R(Φ,h) + r(Φ)
− πij(P )πij(P ) +
1
2
π2(P ) −
1
2
(1−
µ2
∇2
)(∂jbij)(∂kbik)], (72)
where
R(Φ,h) = −
1
4
Jij∇
2Jij +
1
8
µ4
∇2
h2 (73)
and
r(Φ) = −µ
2∂kΦij∂kΦij +
3
2
µ2∂jΦij∂kΦik + µ
2Φ∂ijΦij −
1
2
µ2Φ∇2Φ. (74)
Now, we consider the different irreducibles pieces of the involved variables, e.g. Φij = Φ
TT
ij +∂iφ
T
j +∂jφ
T
i +∂ijφ+δijρ,
and for Pij = P
TT
ij +∂ip
T
j +∂jp
T
i +∂ijσ+δijτ . The superscript TT and T mark the transverse-traceless and transverse
characters of the variable, respectively. Note that bij appears only as a vector: ∂jbij which we named bi (= b
T
i + ∂ib).
The total action is written out as
I = ITT2 + I
T
1 + I0. (75)
The transverse-traceless sector of the action boils down to (after making (P,Φ)→ 1√−∇2 (P,Φ))
ITT2 =
∫
d3xdt[ǫijk(∂jP
TT
kl )Φ˙
TT
il −
1
2
∂kΦ
TT
ij ∂kΦ
TT
ij −
1
2
∂kP
TT
ij ∂kP
TT
ij −
1
2
µ2ΦTTij Φ
TT
ij ] (76)
and redefining PTTij =
√
1− µ
2
∇2 Pˆ
TT
ij , we obtain
ITT2 =
∫
d3xdt[
√
1−
µ2
∇2
ǫijk(∂jPˆ
TT
kl )Φ˙
TT
il −
1
2
∂kΦ
TT
ij ∂kΦ
TT
ij −
1
2
∂kP
TT
ij ∂kP
TT
ij −
1
2
µ2ΦTTij Φ
TT
ij −
1
2
µ2PˆTTij Pˆ
TT
ij ], (77)
10
which is clearly invariant under duality transformation
ΦTTij → Pˆ
TT
ij and Pˆ
TT
ij → −Φ
TT
ij . (78)
Next, we move on the vectorial sector, which is described by
IT1 =
∫
d3xdt[µbTi ǫijk∂j φ˙
T
k −
1
2
bTi (1 −
µ2
∇2
)bTi −
1
2
µ2∇2φTi ∇
2φTij ], (79)
then, after making some redefinitions on bTi and φ
T
i , we reach the following form for the transverse vectorial sector of
our action
IT1 =
∫
d3xdt[
√
1−
µ2
∇2
ǫijk(∂jb
T
k )φ˙
T
i −
1
2
∂kb
T
i ∂kb
T
i −
1
2
∂kφ
T
i ∂kφ
T
i −
1
2
µ2φTi φ
T
i −
1
2
µ2bTi b
T
i ], (80)
which is clearly invariant under duality transformations
φTi → b
T
i and b
T
i → −φ
T
i . (81)
Finally, we have in principle, three scalar variables: τ (from the trace of πij(P )), b and h in the scalar sector of the
action
I0 =
∫
d3xdt[µ2τh˙− µh˙(
1
2
−
µ2
∇2
)b+
3
8
µ4
∇2
h(1−
µ2
∇2
)h− µ(∇2b)τ +
1
2
b(∇2 −
5
4
µ2)b, (82)
then we make the following (canonical) identification : µ2τ − µ(12 −
µ2
∇2 )b ≡
3
8
µ3
∇2 b in order to write the scalar action
as (redefining h→ ∇
2
µ
h)
I0 =
3µ2
4
∫
d3xdt[bh˙−
1
2
h(µ2 −∇2)h−
1
2
µ2b2] (83)
and defining: b ≡
√
1− ∇
2
µ2
b˜, we arrive to
I0 =
3µ2
4
∫
d3xdt[
√
µ2 −∇2b˜h˙−
1
2
h(µ2 −∇2)h−
1
2
b˜(µ2 −∇2)b˜], (84)
clearly invariant under duality transformations:
h→ b˜ and b˜→ −h. (85)
We have established duality invariance of massive gravity through the three levels given in the action (75). The first
level is achieved with the same dual partners as the massless case: Φij and Pij , while in the other two layers, the dual
partners involved the lower spin components of hmn and Bmnpq. In the massless limit, our result results tend to the
decoupling of the three terms with the same structure as (3), (9) and (11).
V. CONCLUSIONS
We have seen that if we deal with adequate gauge invariant formulations for massive theories, it is possible to
reach unconstrained duality invariant actions by using the method developed in [2], [9] and [6]; to wit: start with a
hamiltonian gauge invariant first order action and solve the gauge constraints by introducing the named magnetic
potentials, that together with the initial electric potentials, are the basic entities to establish duality invariance. For
the case of massive theories, the actions involved new fields and the mixing with the original field are extensions of
usual BF coupling for the vectorial model. We have explicitly constructed this kind of action for massive gravitons,
(44). One must expect that it is not possible to have a successful coupling with a gravitational background, because
the action of Deser, Siegel and Townsend has serious problem with this kind of coupling [22]. But, one can attempt
to reach a non linear version of (44) like the Freedman-Townsend theory [24]. It would be interesting to make an
exhaustive analysis of the action (44), in particular its properties in the massless limit and when a source is included.
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Appendix A: THE ACTION OF DESER-SIEGEL-TOWNSEND
The action of Deser-Siegel-Townsend (46) is rewritten out as
IDST =
1
4
∫
d4x[WmnW
mn
−
1
3
W 2], (A1)
where Wmn ≡ −∂pqBmpnq = Wnm and W is its trace. In this form, this action has the same form as introduced in
[25] whereWmn is considered an independent field and subject to the constraint: ∂nW
mn = 0. If we take into account
this constraint we must attempt to consider the following action
I =
1
4
∫
d4x[WmnW
mn
−
1
3
W 2 −Wmn(∂man + ∂nam)]. (A2)
Here Wmn and am are independent fields. This action was obtained by dimensional reduction in [26]. If one looks
the am field as a multiplier, the associated constraint is just ∂nW
mn = 0, whose local solution introduces the Bmpqn
field (Wmn = ∂pqB
mpqn) and the fourth order action (A1) is obtained. On the other hand, independent variations
over Wmn lead to determine it: Wmn = −(∂man + ∂nam) + 2ηmn(∂.a) and substituting back into A2, the Maxwell
action arises (Imaxwell ∼ −(∂man − ∂nam)
2). The inclusion of a mass term into (A2) was achieved in [27].
Originally this equivalence was shown through the following second order action (46)
I =
∫
d4x[
1
8
∫
d4xBmnpqRmnpq(f) −
1
4
(fmnf
mn
− f2)]. (A3)
The fourth order action (A1) has the following gauge transformations
a) δBmnpq = ǫmnrs∂rλ
pq,s+(mn)↔ (pq) (A4)
and a conformal transformation
b) δBmnpq = (ηmpηnq − ηnpηmq)̺. (A5)
This last invariance is not present in our gauge invariant description for massive spin 2, due to the coupling term
(??).
If the gauge parameters λmn,p is decomposed in irreducible pieces as
λmn,p = tmn,p + cmnp, (A6)
where tmn,p satisfies the cyclic identity: t[mn,p] ≡ 0 and cmnp is completely antisymmetric, we can write that tmn,p =
∂mωnp − ∂nωmp with ωmn = ωnm(symmetric) and cmnp = ǫmnpqξ
q and then (A4) lead to the two gauge symmetries
presented in [22].
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